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ABSTRACT
We study the connection between low-luminosity gamma-ray bursts (llGRBs) and ultra-high-energy
cosmic rays (UHECRs) using the canonical low-luminosity GRB 060218 as a proxy. We focus on the
consequential synchrotron emission from electrons that are co-accelerated in the UHECR acceleration
region, comparing this emission to observations. Both the prompt and afterglow phases are considered.
For the prompt phase, we find that bright optical-UV emission is inevitable if the co-accelerated
electrons are instantaneously injected into a power-law distribution. To enable acceleration of UHECRs
while accommodating the optical-UV emission, it is necessary to keep the electrons from fast cooling
(e.g., via reheating). Yet, the energetics of such models are independently constrained from our analysis
of the afterglow. For the afterglow phase, we consider mildly relativistic outflows with bulk Lorentz
factor Γ & 2. Using thermal synchrotron radiation, we show that the initial kinetic energy of the
afterglow blast wave of GRB 060218 was & 10 times lower than the minimum energy required to
satisfy the observed flux of UHECRs. Indeed, a blast wave with sufficient energy and where electrons
carry 10–20% of the energy as suggested by particle-in-cell simulations, would typically overshoot the
available radio data at ∼ 3 days by more than an order of magnitude. If GRB 060218 is representative
of the llGRB population as a whole, then our results show that their relativistic afterglows are unlikely
to be the dominant sources of UHECRs. It also implies that for the prompt phase to be the main origin
of UHECRs, a majority of the energy would need to escape as cosmic rays, neutrinos, or radiation
before the onset of the afterglow, independent of the prompt emission mechanism. More generally, our
study demonstrates that synchrotron emission from thermal electrons is a powerful diagnostic of the
physics of mildly relativistic shocks.
Keywords: gamma-ray burst: individual (GRB 060218) — cosmic rays
1. INTRODUCTION
Ultra-high-energy cosmic rays (UHECRs) are ex-
traterrestrial particles with observed energies reaching
from a few 1018 eV to above 1020 eV. Although they
Corresponding author: Filip Samuelsson
filipsam@kth.se
have been studied extensively, their origin still remains
highly debated. Their energies are so high that they can-
not be confined by the galactic magnetic field, indicating
an extragalactic origin. It was early on suggested that
gamma-ray bursts (GRBs) could be the accelerators of
these particles (Waxman 1995a; Milgrom & Usov 1995;
Vietri 1995). However, standard high-luminosity GRBs
face several problems as UHECR accelerators. One of
these is that the radiation field at the base of the jet is so
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intense that all heavy elements are disintegrated (e.g.,
Wang et al. 2008; Murase et al. 2008; Horiuchi et al.
2012; Zhang et al. 2018). This leads to a baryon outflow
consisting mainly of protons, but both the Pierre Auger
Telescope and the Telescope Array have seen indications
that the UHECR composition consists of heavier nuclei
towards the high-energy tail (The Pierre Auger Collab-
oration et al. 2017; Telescope Array Collaboration et al.
2018). A second problem is that UHECR acceleration
requires the electrons in the GRB jet to be extremely
fast-cooling in tension with observations, although this
problem can be mitigated if the prompt emission stems
from a different part of the ejecta (Samuelsson et al.
2019). Furthermore, IceCube has put upper limits on
any coincident neutrinos from GRBs, which would be
a clear sign of successful hadron acceleration (Aartsen
et al. 2015).
Low-luminosity GRBs (llGRBs) and trans-relativistic
supernovae (TRSNe) have been studied by many au-
thors as alternative candidates (e.g., Murase et al. 2006;
Wang et al. 2007; Murase et al. 2008; Chakraborti et al.
2011; Liu et al. 2011; Zhang et al. 2018; Boncioli et al.
2019; Zhang & Murase 2019; although see Samuelsson
et al. 2019; Anchordoqui et al. 2019). They avoid the
aforementioned disintegration problem present in the
standard GRB-UHECR picture. The jet base radiation
field is less intense due to their lower luminosity, so heav-
ier particles can exist far out in the ejecta. The lower
luminosity also makes them harder to detect, thus they
could contribute significantly to the diffuse neutrino flux
observed by IceCube without being electromagnetically
visible. In the current work, we limit ourselves to study-
ing llGRBs, by which we mean the relativistic or mildly
relativistic part of the outflow that will start decelerat-
ing within the first few days. The possibility of UHECR
acceleration at TRSNe associated with llGRBs will be
discussed in Section 4.3.
In this paper, we use GRB 060218 as a proxy to con-
strain llGRBs as UHECR sources. GRB 060218 is of-
ten considered the canonical llGRB. The existing data,
ranging from radio to gamma-rays, is exceptionally good
and it was monitored up to several months after the ex-
plosion. Due to the few identifications to date, it is
difficult to say whether GRB 060218 is representative
of the llGRB sample or not (Sun et al. 2015). This will
become clear given enough future detections. If it is rep-
resentative, then the results presented in this paper can
be applied to the whole llGRB population. Else, the
analysis can be remade with more typical parameters
to see if any of the conclusions change. We use GRB
060218 throughout the text to refer to the fastest part
of the ejecta, responsible for the prompt X-ray emission
and the radio emission in the first few days.
The methodology in this paper will follow closely that
of Samuelsson et al. (2019); we assume that electrons
are also accelerated in the UHECR acceleration region,
we then calculate the synchrotron emission from these
electrons and compare it with observations. This is a
powerful approach that can efficiently constrain the ac-
celeration site. Furthermore, the electron synchrotron
spectrum carries additional information, in complement
to the neutrino and hadronic gamma-ray signals created
in the interactions between the cosmic-rays and the am-
bient photon field. It should therefore always be consid-
ered in multi-messenger modeling of UHECR sources,
which is not the case in most of the recent studies on
the topic. The difference of this work as compared to
Samuelsson et al. (2019) is that in the current paper, we
do not only consider possible acceleration of UHECRs in
the prompt phase but also in the afterglow phase. Addi-
tionally, as we apply the method to a specific burst, we
do not have to rely on any assumed flux limits but can
resort directly to measurements. This makes the results
presented here much stronger.
The paper is organised as follows. We start by pre-
senting GRB 060218 in Section 2. The prompt phase is
considered in Section 3, starting with the methodology
in Subsection 3.1 followed by the results in Subsection
3.2 for fiducial parameters (3.2.1) and for optimistic pa-
rameters (3.2.2). We discuss the results for the prompt
phase in Subsection 3.3. We go on to evaluate the af-
terglow phase in Section 4, presenting the methodology
in Subsection 4.1 and the results and discussion in Sub-
sections 4.2 and 4.3, respectively. Finally, we conclude
in Section 5.
2. GRB 060218
2.1. Observations and parameters
GRB 060218 was first detected with the BAT instru-
ment on board the Swift satellite. The closeness of
the event and its association with the supernova SN
2006aj meant that it was extensively observed and stud-
ied (Campana et al. 2006; Mazzali et al. 2006; Soller-
man et al. 2006; Ferrero et al. 2006; Mirabal et al. 2006;
Soderberg et al. 2006; Pian et al. 2006; Fan et al. 2006;
Ghisellini et al. 2007; Toma et al. 2007; Waxman et al.
2007; Irwin & Chevalier 2016; Emery et al. 2019).
The prompt emission of this burst shows a single
peaked, very smooth light curve with an exceptionally
long duration, T90 = 2100 ± 100 s. It was monitored
with both the XRT and UVOT telescopes during the
prompt phase. Spectroscopic observation of the optical
afterglow placed it at a redshift z = 0.033 (Mirabal &
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Halpern 2006; Pian et al. 2006). It has a νFν-peak in
X-rays at around Epeak ∼ 5 keV and an isotropically
equivalent gamma-ray energy of Eγ = (6.2± 0.3)× 1049
erg, extrapolated to between 1−104 keV (Campana et al.
2006). For a T90 of 2100 seconds, this correspond to an
average radiation luminosity of Lγ ∼ 3 × 1046 erg s−1.
Murase et al. (2006) was early in examining its possible
connection to neutrino production and UHECR accel-
eration, arguing that the neutrino background from ll-
GRBs should be comparable to that of high-luminosity
GRBs.
There are many theories as to what caused the prompt
X-rays in GRB 060218. For our current analysis, the
radiative origin of the prompt emission is of no impor-
tance. By not assuming that the observed prompt X-
rays come from the UHECR acceleration site, we allow
for a two-zone model, in which the prompt emission and
the UHECR acceleration can occur in different parts of
the ejecta. Indeed, we study the possibility of UHECR
acceleration in the afterglow phase in Section 4. The
only thing we are interested in is the unavoidable syn-
chrotron emission from the co-accelerated electrons at
the UHECR acceleration site. This emission should be
consistent with (or lower than) the X-ray and optical
observations for the prompt phase, and the radio obser-
vations for the afterglow phase.
When comparing the radiation from the co-
accelerated electrons to observations, we have to account
for extinction along the line of sight. Monitoring of the
optical afterglow in GRB 060218 determined the Galac-
tic reddening to E(B − V ) ∼ 0.13 mag and the host
galaxy reddening to E(B − V ) ∼ 0.04 mag. For a ratio
of total-to-selective extinction RV = 3.1, this translates
into into an extinction of AV ∼ 0.39 mag and AV ∼ 0.13
mag for our galaxy and the host galaxy respectively
(Guenther et al. 2006; Ferrero et al. 2006; Pian et al.
2006). These values of the reddening are the ones used
for the spectrum in Figure 3 in Ghisellini et al. (2007),
which gives F obsνopt = 5.5×10−27 erg cm−2 s−1 Hz−1 (0.55
mJy) and F obsνX = 10
−27 erg cm−2 s−1 Hz−1 (0.1 mJy) for
the prompt, de-absorbed optical-UV and X-ray fluxes
respectively. The subscripts indicate the frequencies at
which we evaluate the flux. We use hνopt = 3 eV and
hνX = 5 keV (observed frequencies), where h is Planck’s
constant.
From afterglow observations, one can get an estimate
of the initial bulk Lorentz factor of the outflow Γ. The
radial distance from the progenitor of the radio emission
five days after the trigger is estimated to be r ∼ 3 ×
1016 cm (Soderberg et al. 2006). Assuming that the
prompt emission radius is much smaller than the radius
of the first afterglow light emission rag, one gets from
the equation of motion tag . rag/v − rag/c, where tag is
the time from trigger to the onset of the afterglow, v is
the bulk velocity of the outflow, and c is the speed of
light in vacuum. From this, one obtains the upper limit
Γ .
[
1−
(
1
tagc/rag + 1
)2]−1/2
. (1)
With tag > 2000 s and rag < 3 × 1016 cm, we obtain
Γ < 16. While this value of Γ is much lower than those
for canonical GRBs, it is consistent with estimates from
radio afterglow monitoring of llGRBs that indicates only
mildly relativistic outflows with Γ & 2 after a few days
(Soderberg et al. 2006).
The upper limit on Γ given in Equation (1) is not
appropriate if the engine duration is longer than the de-
celeration time. For instance, the prompt emission and
early afterglow could have been caused by different parts
of the ejecta, or the onset of the afterglow could have oc-
curred earlier if it was initially outshone by the prompt
emission. A mildly relativistic ejecta with Γ . 10 is
in agreement with estimates from other authors Cam-
pana et al. (2006); Soderberg et al. (2006); Fan et al.
(2006); Ghisellini et al. (2007); Toma et al. (2007); Wax-
man et al. (2007). For completeness, we show results for
Γ = 3, 10, and 30 in this work.
Several authors have modeled the late-time emis-
sion of GRB 060218 as radiation from the forward
shock of a blast wave propagating into the circum-
burst medium. They commonly find that a constant
circumburst medium number density of ncbm = 100
cm−3 match the data well (Soderberg et al. 2006; Fan
et al. 2006; Toma et al. 2007). A wind-like circumburst
medium is disfavored by the temporal decay of the late-
time 8.46 GHz light curve (Fan et al. 2006; Toma et al.
2007). They also find a rather low isotropically equiva-
lent blast wave energy Ek of ∼ 1048–1050 erg. The radio
data suggest a break in the spectrum at ∼ 4 GHz at 5
days (Soderberg et al. 2006). Due to the steep slope be-
low the break, this is interpreted as the synchrotron self-
absorption frequency (Soderberg et al. 2006; Fan et al.
2006; Toma et al. 2007).
2.2. Requirement on the burst energy
In this paper, we will use a total isotropically equiva-
lent energy of Etot = 1051 erg for GRB 060218, higher
than suggested by Soderberg et al. (2006); Fan et al.
(2006); Toma et al. (2007). This value of the total en-
ergy translates to an average isotropically equivalent to-
tal luminosity of Ltot = 4.8 × 1047 erg s−1. The reason
for the larger value is that for llGRBs to be the main
sources of UHECRs, the energy of the burst has to be
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sufficiently large to supply the observed UHECR flux at
Earth.
The UHECR energy injection rate is
E(dQUHECR/dE) ∼ 1044 erg Mpc−3 yr−1 with some
uncertainty (Waxman 1995b; Katz et al. 2009; Murase
& Takami 2009; Zhang et al. 2018) and the appar-
ent local event rate of llGRBs RLL,app is estimated to
be 102–103 Gpc−3 yr−1 (Soderberg et al. 2006; Pian
et al. 2006; Toma et al. 2007; Murase & Takami 2009;
Sun et al. 2015). Thus, on average, every event needs
to release at least an isotropic equivalent energy of
QUHECR/RLL,app = 10
50QUHECR,44R
−1
LL,app,3 erg in
UHECRs. Assuming a fraction ξUHECR of the total
energy escapes as UHECRs, the necessary total isotrop-
ically equivalent energy is
Etot =
QUHECR
ξUHECRRLL,app
= 1051 QUHECR,44 ξ
−1
UHECR,−1 R
−1
LL,app,3 erg.
(2)
The choice ξUHECR = 0.1 is conservative, as it includes
the fraction of energy given to UHECRs (i.e., only pro-
tons and nuclei with E > 3 × 1018 eV), as well as the
fraction of UHECRs that successfully escapes the system
(Wang et al. 2007; Murase et al. 2008; Chakraborti et al.
2011; Zhang & Murase 2019). Furthermore, RLL,app is
chosen at the optimistic end of its uncertainty range.
Therefore, 1051 erg is really the minimum energy re-
quired. If Etot is increased, then all constraints pre-
sented here would become stronger.
2.3. GRB 060218 compared to other llGRBs
Although GRB 060218 is extraordinary when looking
at the sample of long GRBs, it is not as peculiar when
compared to other llGRBs. A single peaked, smooth
light curve seems common for llGRBs (Kaneko et al.
2007; Nakar & Sari 2012), as well as a long duration
and a soft peak (Sun et al. 2015). For instance, the
low-luminosity GRB 100316D had an exceptionally long
duration of at least 1300 s and a peak energy of ∼ 30
keV (Starling et al. 2011). A low peak-energy of < 5
keV was also found in the low-luminosity X-ray flash
020903 (Sakamoto et al. 2004). However, the llGRBs
980425, 031203, and 171205A were harder and shorter
with Epeak & 125 keV and a T90 between 23 and 195 sec-
onds (Galama et al. 1998; Sazonov et al. 2004; D’Elia
et al. 2018), which shows that the sample is not uni-
form. These differences could be diverse expressions of
the same phenomena (see e.g., Nakar & Sari 2012, for a
common explanation of all llGRBs as shock break-outs
in or out of thermal equilibrium) or they could hint at
bimodality within the llGRB sample.
In this study, what is most important are the prompt
optical fluxes and afterglow radio fluxes. Therefore, it is
of specific interest to see whether other llGRBs are sim-
ilar to GRB 060218 in these regards. Prompt optical
fluxes are unfortunately rare. Apart from GRB 060218,
only GRB 100316D and GRB 171205A have reports on
the optical flux during the prompt emission phase. For
GRB 100316D, UVOT 3σ upper limits puts the u-filter
magnitude at > 19.3 (Starling et al. 2011). This corre-
sponds to a de-absorbed flux of < 8 × 10−28 erg cm−2
s−1 Hz−1 (< 0.08 mJy) (Fan et al. 2011). With a red-
shift of z = 0.0591 (Starling et al. 2011), GRB 100316D
was at least a factor of ∼ 2 dimmer in prompt optical
emission compared to GRB 060218. UVOT observation
in the u-filter of GRB 171205A similarly puts the de-
absorbed prompt optical flux at 8× 10−28 erg cm−2 s−1
Hz−1 (0.08 mJy) (D’Elia et al. 2018). With a redshift
of z = 0.037 (D’Elia et al. 2018), the prompt optical
luminosity of GRB 171205A was ∼ 6 times smaller than
that of GRB 060218.
The 8.5 GHz radio afterglows of llGRBs are univer-
sally less luminous than those of high-luminosity GRBs
(Margutti et al. 2013). The luminosity variation at
8.5 GHz for the llGRB sample in Margutti et al. (2013),
is roughly an order of magnitude at early times. A 3σ
upper limit at 1.8 days, shows that the 8.5 GHz radio lu-
minosity of GRB 100316D was lower than that of GRB
060218 at the corresponding time. GRB 980425 and
GRB 031203 were ∼ 2 and ∼ 7 times more luminous
at 8.5 GHz respectively, compared to GRB 060218 at 3
days. In terms of available prompt optical and afterglow
radio flux, GRB 060218 seems to represent a common
llGRB.
3. CONSTRAINTS ON THE PROMPT PHASE
3.1. Methodology
3.1.1. Conditions on the comoving magnetic field
For particles to successfully reach a specific energy,
the acceleration time scale for that energy needs to be
shorter than relevant cooling time scales (e.g., Waxman
1995a; Murase et al. 2008; Guépin & Kotera 2017). The
acceleration time scale for diffusive shock acceleration
in a strong shock is given by t′acc,j =
E
ηcZjeB′Γ
, where
E is the observed UHECR energy, η is the acceleration
efficiency1, Zj is the charge number of particle species
j, e is the elementary charge, and B′ is the comoving
magnetic field strength. In this paper, we only consider
completely stripped iron with Z = 26, as we want to dis-
1 Often in the literature, the reciprocal of η is defined as η. With
our convention, larger η equals faster acceleration.
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play the least constraining results. Accelerating protons
and other lighter nuclei is more demanding. All primed
parameters are evaluated in the comoving frame.
The particles cool mainly due to synchrotron radia-
tion, the adiabatic expansion of the ejecta, and through
interactions with the ambient photon field. The rel-
evant time scales for these processes are t′sync,j =
6pi
Z4j σT
(mjc
2)2
c
(
mj
me
)2
1
(E/Γ)B′2 , t
′
ad =
r
cΓ , and t
′
pγ =
20pir2Γ〈ε〉
σpγLγ
respectively.2 In the above formulae, σT is
the Thomson cross section, mj is the mass of parti-
cle species j, me is the electron mass, r is the radial
distance from the progenitor, 〈ε〉 is a typical observed
photon energy, and σpγ is the photohadronic cross sec-
tion. There are other ways in which the particles can
lose energy but these three usually dominates and are
sufficient for our present analysis (Murase et al. 2006;
Guépin & Kotera 2017; Samuelsson et al. 2019). Fur-
thermore, considering additional cooling processes can
only reduce the maximum UHECR energy. The require-
ment t′acc,j < min[t′sync,j , t′ad, t
′
pγ ] can be translated into
constraints on the comoving magnetic field B′.3
The resulting parameter space for the magnetic field
as a function of radius r and maximum observed
UHECR energy E can be seen in Figure 1, plotted for
Γ = 3, 10, and 30 from top to bottom. The x-axis
extends up to r = 1016 cm, comparable to the radio
emission radius at 5 days (r ∼ 3 × 1016 cm, Soderberg
et al. 2006). The dashed vertical line shows the pho-
tosphere rph = LtotσT/(8pimpc3Γ3) (Pe’er 2015), where
mp is the proton mass. Below the photosphere, parti-
cles are unlikely to be effectively accelerated (Levinson
& Bromberg 2008; Budnik et al. 2010; Murase & Ioka
2013; Beloborodov 2017). The top axis in Figure 1 shows
the minimum variability time tv = r/2Γ2c.
From Figure 1 it is evident that there exists quite a
large parameter space where UHECR acceleration would
be possible. This is partly why GRBs and llGRBs
have been extensively studied as promising UHECR can-
didates. For the figure, an acceleration efficiency of
η = 0.1 has been used. This is well motivated by both
theory and simulations (Protheroe & Clay 2004; Rieger
et al. 2007; Caprioli & Spitkovsky 2014). However, the
2 There can be a factor of a few difference in the expression of t′pγ
depending on the photon spectrum at the source (e.g., Murase
et al. 2008), but this does not influence our conclusion.
3 Additionally, another constraint can be put on the magnetic field
as the magnetic luminosity cannot be larger than the total lumi-
nosity (Samuelsson et al. 2019). As it turns out, this does not
affect the conclusions presented in this paper and it is therefore
not included in the current study. However, this should generally
be considered when investigating UHECR sources.
true value is not known and we explore the results for
larger η in Section 3.2.2.
3.1.2. Estimated synchrotron flux
We will presently give a short description of how the
synchrotron flux from the electrons in the UHECR ac-
celeration region is estimated; a detailed explanation
is given in Samuelsson et al. (2019). As in Samuels-
son et al. (2019), we work within the framework where
electrons are instantaneously injected into a power-law
distribution as described by e.g., Blumenthal & Gould
(1970); Sari et al. (1998). The effects of different mech-
anisms that could alter the electron distribution, such
as stochastic acceleration, diffusion, or magnetic dissi-
pation models, are outside the scope of this paper and
left for future work.
The characteristic energy of an emitted synchrotron
photon depends on the Lorentz factor of the emitter.
The observed synchrotron spectrum therefore depends
on the electron distribution at the source. We assume
that a number fraction ξa of the electrons are injected
into a power-law with slope −p between γ′m and γ′max,
where γ′m  γ′max. The minimum Lorentz factor is
calculated as γ′m = a(mp/me)(NTe /ξa), where a is a
pre-factor of order unity that we set to 1 and NTe is
the fraction of internal energy given to non-thermal
(NT) electrons.4 The conclusions are insensitive to if
a is increased, as appropriate in the case of e.g., mag-
netic reconnection, as most constraints are based on the
cooler electrons (note that due to the high magnetic
fields, we typically have the fast-cooling case leading to
a soft-energy spectrum). The comoving number den-
sity of emitting electrons is calculated as (Pe’er 2015)
n′e = ξaLtot/(4pir
2mpc
3Γ2). This value can be reduced
by a large relative Lorentz factor among internal shocks
or if dissipation lasts shorter than the dynamical time.
A large relative Lorentz factor would only change the
estimate by a factor of a few and not affect the conclu-
sion much. For a short dissipation time we again expect
the conclusions not to change, as long as the low-energy
electrons keep radiating over a dynamical time passively.
Electrons cool mainly through synchrotron emission
or adiabatic cooling. This leads to a cooling break at
γ′c, defined as the electron Lorentz factor for which the
energy losses from these two cooling processes are equal.
Electrons can furthermore re-absorb synchrotron pho-
tons (synchrotron self-absorption), effectively heating
any electrons that are below the characteristic electron
Lorentz factor γ′SSA. The shape of the electron distribu-
4 We add the superscript NT to NTe , as we use e to describe the
energy given to all electrons in Section 4.
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Figure 1. Allowed parameter space for B′ as function of r
for bulk Lorentz factor Γ = 3, 10, and 30 from top to bottom.
The color bar shows log(E/[eV]) for iron and the vertical
dashed line shows the photosphere. The top x-axis shows
the minimum variability time tv = r/2Γ2c. The dotted lines
show the synchrotron limit, the dot-dashed lines show the
adiabatic limit, and the solid lines show the photohadronic
limit, all for integer values of log(E/[eV]) as indicated in the
plots. Numerical values used are given in Table 1.
tion is set by the relative position of γ′m, γ′c, and γ′SSA,
which in turn determines the shape of the emission spec-
trum (Blumenthal & Gould 1970; Sari et al. 1998).
The observed break frequencies νm, νc, and νSSA typ-
ically emitted by electrons with Lorentz factors γ′m, γ′c,
and γ′SSA respectively are (see Samuelsson et al. (2019))
νm = 1.9× 1019 Hz Γ1 B′3 (NTe,−1)2 ξ−2a,−2,
νc = 3.0× 1011 Hz Γ31 r−214 (B′3)−3,
νSSA = 1.8× 1014 Hz L1/3tot,48 ξ1/3a,−2 Γ2/31 r−2/314 .
(3)
The value and parameter dependencies of the syn-
chrotron self-absorption frequency depend on the values
of νm and νc.
The normalization of the spectrum is set by the total
emitted power per electron multiplied by the number of
emitting electrons, scaled by the distance to the source
as
Fmaxν = 3.3 Jy Ltot,48 ξa,−2 Γ
−2
1 r14 B
′
3, (4)
where a luminosity distance of dl = 4.5 × 1026 cm has
been used. Once the shape and normalization of the
spectrum are determined, one can calculate the pre-
dicted spectral flux F theoryν in any given electromagnetic
band. For the parameters in Equation (3), electrons
quickly cool from γ′m to γ′SSA. Below γ
′
SSA the electrons
reabsorb photons, which stops them from cooling fur-
ther. Thus, most electrons emit at the characteristic
frequency νSSA. Additionally, νm lies above the X-rays.
The calculated spectral fluxes in optical-UV and X-rays
are
F theoryνopt = F
max
ν
(
νopt
νSSA
)−1/2
= 1.6 Jy L7/6tot,48 ξ
7/6
a,−2 Γ
−5/3
1 r
2/3
14 B
′
3,
F theoryνX = F
max
ν
(
νX
νSSA
)−1/2
= 40 mJy L7/6tot,48 ξ
7/6
a,−2 Γ
−5/3
1 r
2/3
14 B
′
3.
(5)
In the example above, the co-accelerated electrons over-
shoot the observed optical flux by a factor of 3 × 103
and the X-ray flux by a factor of 400. The parameter
dependence of the optical and X-ray fluxes depend on
the positions of νopt and νX relative to νm, νc, and νSSA.
The emitted synchrotron flux is, among other param-
eters, a function of the magnetic field. The requirements
on B′ to support UHECR acceleration shown in Figure
1 can thus be translated into requirements on the ob-
served synchrotron flux. As there exists measurements
of the flux in both the optical-UV and the X-ray band,
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it is straight forward to check if the flux from the elec-
trons in the UHECR acceleration region is compatible
with these observations or not.
For large values of r, following the prescription of
Samuelsson et al. (2019), the number of radiating elec-
trons is overestimated. The reason for this is that in this
paper, the total energy Etot is fixed to be the minimum
1051 erg required for sufficient UHECR production. This
is in contrast to Samuelsson et al. (2019), where the total
energy was not specified. Therefore, in this paper it is
possible for the number of radiating electrons Ne to sur-
pass the total number of electrons in the burst Ne,tot:
the necessary condition Ne < ξaNe,tot = ξa × EtotΓmpc2
breaks down for large enough r. Above this radius,
marked in forthcoming figures by a blue dashed line, our
calculated flux will start to progressively deviate from
the true flux. Assuming Etot ∼ T90Ltot, this occurs
when the variability time tv becomes comparable to the
prompt duration time, tv ∼ T90/2. Emission from these
radii will inevitably extend into the onset of the after-
glow, due to the angular dependence on the radiation
arrival time. The method used to constrain UHECR
acceleration in the afterglow phase presented in Section
4, will naturally be valid for this part of the parame-
ter space as well. Hence, we limit the results presented
in this section to apply when tv < T90/2 only, treating
larger radii as part of the afterglow phase.
3.2. Results
3.2.1. Fiducial parameters
The results for our fiducial parameters (given in Table
1) are shown in Figure 2. The synchrotron flux from the
co-accelerated electrons in optical (left) and at 5 keV
(middle) are both shown normalized to their respective
observed de-absorbed flux (red dashed line). In the plots
on the right, both constraints are taken into account as
max(F theoryνi /F
obs
νi ); the electron synchrotron flux has to
be consistent with both the optical-UV and X-ray data.
All of the parameter space above the red dashed line
result in too bright synchrotron emission as compared to
the observations and is thus ruled out. From the figure,
it is clear that no UHECR acceleration to energies &
1017 eV is possible. Specifically, the emission overshoots
the observations in the optical band by several orders
of magnitude, unless the emission radius is small. The
vertical, dashed blue line shows tv = T90/2, above which
our model starts to overestimate the flux (see end of
Section 3.1.2).
Ghisellini et al. (2007) showed that the optical data
can be explained as the self-absorbed part of a syn-
chrotron spectrum. This explanation requires emission
at small radii with r ∼ 1012 cm (comparable to the ra-
dius expected from the shock breakout scenario Waxman
et al. 2007). UHECR acceleration is prohibited at such
small radii because of strong losses due to the photome-
son production (Murase et al. 2008; see also Figure 1).
However, efficient neutrino emission is expected, which
could significantly contribute to the diffuse neutrino flux
discovered by IceCube (e.g., Murase et al. 2016).
3.2.2. Optimistic parameters
The parameters that influence the results the most
are the acceleration efficiency η, the number fraction of
accelerated electrons ξa, and the fraction of internal en-
ergy given to the NT electrons NTe (see Samuelsson et al.
(2019) for details). As previously mentioned, small val-
ues of η (∼ 0.1), is well motivated by both theory and
simulations (Protheroe & Clay 2004; Rieger et al. 2007;
Caprioli & Spitkovsky 2014) but the true value is un-
known. Increasing η decreases the UHECR acceleration
time, effectively increasing the allowed parameter space.
However, if η > 1, the requirement that the Larmor ra-
dius of the particle should be smaller than the system
size becomes constraining and must be taken into ac-
count (Hillas 1984; Waxman 1995a), the effect of which
is that higher UHECR acceleration will not be achieved
by increasing η beyond 1.
For our fiducial parameters, we adopted the number
fraction of accelerated electrons ξa = 1 as this is most
commonly used (Sari et al. 1998; Eichler & Waxman
2005; Santana et al. 2014). However, the proper value
of ξa is likely lower.5 Decreasing ξa has two effects in our
analysis. Firstly, the maximum flux is proportional to
the number of radiators so decreasing ξa decreases the
flux. Secondly, when fewer electrons are accelerated,
they all receive a larger portion of the available energy,
which increases γ′m. Larger γ′m commonly leads to higher
fluxes, especially in the higher energy bands. Therefore,
it is not always true that a decrease in ξa leads to less
constraining results.
The increase in γ′m can be counteracted by decreasing
NTe , as this decreases the energy available for the NT
electrons. For relativistic shocks, the fractional energy
NTe is well motivated to be ∼ 0.1 (Wijers & Galama
1999; Panaitescu & Kumar 2000; Sironi & Spitkovsky
2011; Santana et al. 2014) but for mildly relativistic
outflows, NTe might be as low as 5 × 10−4 (Crumley
et al. 2019). Thus, llGRBs could potentially be dark
cosmic ray accelerators, in the sense that UHECRs re-
5 Indeed, for slow shocks ξa has to be small. This is because γ′m =
a(mp/me)(NTe /ξa)β
2/2, where a is a numerical factor of order
unity and β is the shock velocity in units of the speed of light. For
non-relativistic or trans-relativistic shocks, β < 1 and simulations
suggest NTe  1. Hence, ξa < 1 is required to keep γ′m > 1.
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Figure 2. Calculated synchrotron flux from the co-accelerated electrons in optical-UV (3 eV, left) and X-rays (5 keV, middle)
normalized to their respective observational limit, and maximum of the two (right). The plots are shown for Γ = 3, 10, and 30
from top to bottom, as a function of r and E. Close to the progenitor, the optical flux is partially absorbed due to synchrotron
self-absorption, while the peak flux is high. The optical flux increases rapidly when the absorption frequency decreases towards
the optical band. For larger r, both the optical and the peak flux decreases, mainly due to the smaller allowed values of B′.
The red dashed line shows observational values, so everything above this is ruled out in our analysis. This implies that all
of the parameter space for UHECR acceleration is ruled out, as it results in fluxes several orders of magnitude higher than
observed, especially in the optical-UV band. The vertical, dashed, blue line shows tv = T90/2, above which our model begins
overestimating the flux. We do not base any of our conclusion on this part of the parameter space. The line coding, color map,
and top x-axis are similar to in Figure 1. Numerical values used are given in Table 1.
ceive much more energy than electrons, which we assume
dominate the radiation. In principle, when NTe is very
small, previously sub-dominant radiation processes such
as proton synchrotron emission or emission from photo-
hadronic cascades could become non-negligible. Thus,
additional constraints might be obtained by considering
these processes as well. However, this is out of the scope
of the current paper.
For our optimistic parameters, we put η = 1, NTe =
5×10−4, and let ξa be a free parameter, to see what max-
imum iron energy is achievable while still being consis-
tent with both the optical-UV and X-ray constraints. In
Figure 3, we show the result. Even in this case, with very
high acceleration efficiency, completely stripped iron nu-
clei, and very little energy received by the NT electrons,
decreasing the fraction of radiating electrons down to
ξa = 10
−4 is not sufficient to reach the highest energies
of 1020 eV when Γ = 3 and 10. The synchrotron emis-
sion from the electrons is still too bright, over-shining
the measurements in the optical band. For Γ = 30,
UHECR acceleration to the highest energies is not con-
strained for small values of ξa. However, the result relies
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on the internal shocks remaining mildly relativistic for
such large values of Γ, which is uncertain. In Figure 4,
we show examples of expected spectra for r = 1014 cm
and ξa = 10−2, using our optimistic parameters. De-
tails of how the spectra are calculated can be found in
Samuelsson et al. (2019). From the Figure, it is clear
that prompt optical-UV data is crucial to constrain the
electron synchrotron spectrum and, in extension, the
possibility of UHECR acceleration.
3.3. Discussion
For Γ = 30 and ξa ∼ 10−2 or lower, we cannot con-
strain UHECR acceleration. However, when modeling
of prompt GRB emission in the context of shocks one
often assumes that NTe ∼ 0.1, such as to overcome the
low radiative efficiency problem. Accepting this as a
constraint together with information from the BAT de-
tector, the possible parameter space disappears. This is
mostly because it is difficult to accommodate the low-
energy slope of the spectrum (and so the optical data)
with fast-cooling synchrotron spectrum that predicts a
soft low-energy slope. The information from the BAT
is necessary because for small values of ξa . 103, the
X-ray data can be compatible but the νFν-peak would
then fall above 100 keV.
In a recent paper, Heinze et al. (2019) have shown that
the maximum energy required to fit the UHECR spec-
trum can in fact be lower than 1020 eV. They get their
best fit for a maximum rigidity of Rmax = Emax/eZ =
(1.6 ± 0.2) × 1018 V, which translates into a maximum
energy of 4×1019 eV for stripped iron nuclei. Their work
used a similar method to that of Aab et al. (2017), who
found a higher best fit rigidity corresponding to an iron
energy of 1.4 × 1020 eV. The difference arises from the
different propagation codes used, with underlying un-
certainties regarding the nuclear physics and the extra-
galactic background light modeling. Furthermore does
Heinze et al. (2019) allow for the UHECR source popu-
lation to evolve with redshift as compared to (Aab et al.
2017). To account for the uncertainty in the maximum
energy required, we have marked these energies with
dot-dashed lines in Figure 3. For Γ = 10, 4×1019 eV can
be obtained in a fine-tuned region when r > 5×1015 cm
and ξa . 10−2, or for smaller values of r if ξa < 2×10−4.
Previous studies (Murase et al. 2006, 2008; Liu et al.
2011; Zhang et al. 2018) have considered the observed
photon spectrum to compute the cooling of UHECR
through photohadronic interactions. As such, they have
obtained constraints on the magnetic field, finding a
parameter space compatible with the acceleration of
UHECR. In those studies, the phenomenological shape
of the photon spectrum was assumed. Specifically, a
hard low-energy slope was used. Such a spectrum has
been known to be incompatible with the simple fast-
cooling spectrum. We stress that we in this work do
not aim to reproduce the observed spectrum, but simply
require the predicted fluxes to be compatible with ob-
servations. The requirements on any dissipation model
that could account for the production of UHECR and
replicate the spectrum requires that a small fraction of
the electrons be maintained in a power-law with a steep
electron index p . 1. Our result gives important general
constraints on cosmic-ray acceleration in llGRBs and we
leave it for future work to inquire what constraint can
be put on such models.
When ξa is small, the bulk number of the electrons
is thermal. In this section, we neglect the contribution
of these electrons to the absorption and emission as it
will not affect our conclusion of the results presented
here. Note that we do include their contribution when
studying the afterglow phase in Section 4. Warren et al.
(2017); Ressler & Laskar (2017); Warren et al. (2018)
have all studied the effects of the thermal electron pop-
ulation on the observed spectrum and found that they
radiate mostly in the lower energy bands, leading to an
increase of the flux in optical and radio. These stud-
ies were made in the context of afterglow emission, and
thus might not be applicable to the prompt phase. How-
ever, it indicates that a more detailed treatment of the
thermal population of electrons might result in stronger
constraints from the optical-UV flux.
Our model becomes inaccurate for r satisfying tv &
T90, as mentioned in Section 3.1.2. Inspection of Figures
2 and 3 shows that this is of more concern for Γ = 3 than
for Γ = 10 and 30. Incidentally, this is also when our
constraints are strongest. Furthermore, the X-ray flux
starts dropping exponentially after it peaks at 1000 s,
having dropped by one (two) order of magnitude after
∼ 5000 s (∼ 7000 s) (Campana et al. 2006). If one wish
to evaluate UHECR acceleration at larger radii using the
methodology of this section, one would need to account
for this variation in F obsνX . This would lead to much
stronger constraints from the X-ray flux once tv ∼ 5000
s, corresponding to ∼ 3× 1015 cm for Γ = 3.
The prompt optical luminosity of GRB 060218 is
higher compared to the other two available accounts for
llGRBs in the literature (llGRBs 100316D and 171205A,
Starling et al. 2011; Fan et al. 2011; D’Elia et al. 2018).
Because of the slew time of optical instruments, it is
difficult to get measurements during the prompt phase.
Thus, the sample of llGRBs with prompt optical detec-
tions will be biased towards long duration bursts. In-
terestingly enough, GRB 171205A with an optical lumi-
nosity ∼ 6 times smaller than GRB 060218, belongs to
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Figure 3. Maximum observed iron energy as a function of ξa and r for bulk Lorentz factor Γ = 3, 10, and 30 from left to right,
for our optimistic parameters. The behavior is non-trivial, with synchrotron emission and photohadronic processes limiting
the maximum energy for small r, while adiabatic cooling is the dominating limitation above ∼ 1013 cm. The plots are made
assuming high acceleration efficiency η = 1, and small fractional energy given to electrons NTe = 5×10−4. The orange and pink
dot-dashed lines show the maximum energy sufficient to fit the UHECR spectrum as found by Heinze et al. (2019) and Aab
et al. (2017) respectively. The color map and top x-axis are similar to in Figure 1. The previous line coding has been dropped,
with the solid black lines now corresponding to the most constraining of the synchrotron, photohadronic, and adiabatic limits.
The vertical, dashed blue line shows tv = T90/2, above which our model begins overestimating the flux. We do not base any of
our conclusion on this part of the parameter space. Other numerical values used are given in Table 1.
Figure 4. Spectra for integer values of log(E/[eV]) using
our optimistic parameters (η = 1 and NTe = 5× 10−4). The
spectra are calculated at r = 1014 cm and for ξa = 10−2. The
solid lines are for Γ = 10. For visibility, we only show the
log(E/[eV]) = 20 spectrum for Γ = 3 (dashed) and Γ = 30
(dotted). The flux limits in optical-UV and X-rays used in
this work are shown by black dotted lines. For the highest
cosmic-ray energies, the spectra peaks close to the optical
band, making this observational band a good diagnostic of
UHECR acceleration. See Samuelsson et al. (2019) for details
of how the spectra are calculated. Other numerical values
used are given in Table 1.
the category of shorter and harder llGRBs. This hints
at a common distribution of prompt optical luminosities
for all llGRBs. Furthermore, it seems that GRB 060218
might lie in the upper part of that distribution. If the
prompt optical luminosities generally are lower, then our
constraints on UHECR acceleration in the prompt phase
of llGRBs would become even stronger.
4. CONSTRAINTS ON THE AFTERGLOW PHASE
So far, we have only dealt with acceleration of UHE-
CRs during the prompt phase. When the swept up en-
ergy from the circumburst medium equals the kinetic
energy of the outflow, the blast wave starts to deceler-
ate substantially. The interaction between the outflow
and the circumburst medium creates a forward and a re-
verse shock, which convert the kinetic energy to internal
energy.
Previous modeling of the late-time emission of GRB
060218 as forward shock emission have required a rather
small kinetic energy in the blast wave to be consistent
with observations (∼ 1048–1050 erg) (Soderberg et al.
2006; Fan et al. 2006; Toma et al. 2007). As we need
at least 1051 erg to supply the UHECR flux, their solu-
tions are not directly applicable. However, as pointed
out in Eichler & Waxman (2005), there may exists a
degeneracy in the afterglow diagnostics. If the num-
ber of electrons accelerated into the power-law is de-
creased, a GRB can be intrinsically more energetic with-
out changing the observables. A small number fraction
of accelerated electrons is known to be realistic in the
case of non-relativistic shock acceleration. As we need
∼ 10–100 times more energy in the blast wave compared
to the working solutions of Soderberg et al. (2006); Fan
et al. (2006); Toma et al. (2007), we require the number
fraction of accelerated electrons to be ξa ∼ 10−2–10−1
following the parameterization of Eichler & Waxman
(2005). The way to break the observable degeneracy
is to study the emission from the bulk population of
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electrons (1− ξa) that we assume constitutes a thermal
distribution in the downstream of the shock.
A recent paper by Zhang & Murase (2019) studied the
possibility of accelerating UHECRs at the reverse shock
of GRB 060218-like transients. They consider two repre-
sentative scenarios. In the first scenario (TRSN models),
> 1051 erg is carried by a trans-relativistic component
(with Γβ < 1). This case is not constrained by the
present work because UHECR production occurs at late
times. In the second scenario, all UHECRs are assumed
to be produced by a mildly relativistic jet (Γ ∼ 2–10)
component. In this case, they assume ξa ∼ 10−2–10−1,
and here we show that strong constraints can be placed
on these jet afterglow models.
Zhang & Murase (2019) find that the observed
UHECR spectrum and composition can be well repro-
ducedconsidering their acceleration at the external re-
verse shock, and that the neutrino signal produced
would not overshoot the diffuse flux detected by Ice-
Cube. Furthermore, they do calculate the secondary
electromagnetic emission from the co-accelerated elec-
trons and find that this is within observational con-
straints. However, there is a key, underlying assumption
in Eichler & Waxman (2005), which affects the electro-
magnetic signal calculated in Zhang & Murase (2019).
The assumption is that the non-accelerated electrons
are cold compared to the NT ones, which means that
their synchrotron emission can be safely ignored. In re-
ality, plasma waves are expected to transfer energy from
protons to electrons, so that the thermal electrons are
"heated". This notion is supported by PIC simulations,
which show a continuous transition between the thermal
and NT electrons (Sironi & Spitkovsky 2011; Park et al.
2015; Crumley et al. 2019). Emission from the thermal
electrons are not considered in Zhang & Murase (2019),
while we in this work demonstrate its importance.
4.1. Methodology
To properly capture synchrotron emission and absorp-
tion from both the thermal and NT electron popula-
tions, we resort to numerical simulations. Available ra-
dio data from GRB 060218 suggests that there is a break
in the spectrum at . 10 GHz corresponding to the self
absorption frequency. This can be seen from the inset
in Figure 1 of Soderberg et al. (2006) as well as from
the available data at 15.0 and 22.5 GHz at ∼ 3 days
(also see Figure 5). We wish to evaluate if a blast wave
with energy 1051 erg can reproduce this characteristic.
We assume that the outflow can be described by a self-
similar solution at 3 days. This is supported in the case
of a jetted outflow due to the lack of a jet-break in the
radio light curve (Toma et al. 2007).
The code used is described in detail in Pe’er & Wax-
man (2005a). It accounts for cyclosynchrotron emis-
sion and absorption, pair production and annihilation,
and direct and inverse-Compton processes including full
Klein-Nishina corrections. The simulations also consider
the external photon field from the rising supernova, to
account for the effects of inverse (external) Compton
scattering on the electron cooling. The code assumes
one-zone emission in spherical symmetry.
Some additional modifications have been made to the
code to be able to treat the problem at hand (we give
a brief overview here, more details can be found in Ap-
pendix A). The Lorentz factor of the outflow is calcu-
lated from the blast wave kinetic energy Ek, the cir-
cumburst density ncbm, and the radius r, following the
Blandford-McKee solution in the relativistic case and
the Sedov-Taylor solution in the non-relativistic case.
The two cases are smoothly connected with an interpola-
tion between the two regimes. It is necessary to capture
the trans-relativistic and non-relativistic regimes, con-
sidering that the initial outflow velocity most likely was
only mildly relativistic (Campana et al. 2006; Soderberg
et al. 2006; Fan et al. 2006; Ghisellini et al. 2007; Toma
et al. 2007). Furthermore, the code allows the electrons
to be injected in the downstream with a distribution
consisting of both a NT and a thermal population, con-
taining a fraction ξa and (1− ξa) of the particles respec-
tively. As mentioned in the previous section, we assume
no separation between the thermal and NT components
in accordance with recent PIC simulations..
The number fraction of accelerated electrons ξa and
the fraction of the downstream internal energy given to
electrons e are both input parameters of the code. Once
set, they determine the temperature and shape of the
injected electron distribution. Note that we define e as
the energy fraction received by all electrons, i.e.,
e = 
th
e + 
NT
e , (6)
where the and NTe are the internal energy fractions re-
ceived by the thermal and NT electron population re-
spectively. This is in contrast to the common definition
of e in the literature, where it most often refers solely
to the energy fraction received by the NT electrons.
However, this usually follows from assuming ξa = 1,
which would be unrealistic for non-relativistic and trans-
relativistic shocks.
Other input parameters besides Ek, ncbm, and r are
the electron injection index p and the fraction of internal
energy given to magnetic fields B . As previously men-
tioned, we fix Ek = 1051 erg, as this is the minimum
energy required to supply the UHECR flux. The radius
is set so that we get an observed time of ∼ 3 days. The
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electron index is set to p = 2.1, as suggested by the after-
glow X-ray light curve (Soderberg et al. 2006; Fan et al.
2006; Toma et al. 2007). We keep the density fixed at
ncbm = 100 cm−3 as in Section 3. We note that accord-
ing to the scheme of Eichler & Waxman (2005), the den-
sity should be increased as n′ → n/ξa to retrieve similar
afterglow characteristics. However, this would imply a
circumburst density of 104 cm−3, much higher than what
is commonly found in the literature (ncbm ∼ 10−1–102
cm−3 (Panaitescu & Kumar 2002)). Nevertheless, we
checked the results for ncbm = 104 cm−3 and found that
the conclusion remains the same.
4.2. Results
In Figure 5, we show examples of our generated spec-
tra for the forward shock at 3 days, assuming e = 10−1
and B = 10−3 for different values of ξa. The radio data
are taken from Soderberg et al. (2006) and Kaneko et al.
(2007). The optical data for the rising supernova and
X-ray data are from Campana et al. (2006). To get the
X-ray data per frequency, we used the integrated XRT-
flux and p = 2.1. From the Figure, it is evident that the
radio data point at 22.5 GHz is very constraining. De-
creasing ξa can make the emission compatible with the
optical and X-ray data but it cannot be made consis-
tent with the radio data. The reason for this is that the
radio emission is dominated by the thermal electrons.
Afterglow radio data is therefore essential in the study
of UHECRs from GRB afterglows. In the Figure, we
include an example of a spectrum with the same param-
eters and ξa = 0.1 (dashed line), but the energy in the
blast wave has been reduced from 1051 erg to 1049 erg.
In this case, the spectrum does not overshoot the radio
data.
Having determined that ξa has little effect in the ra-
dio band, we fix ξa = 10−2 and let e and B be free
parameters to see what values are required to be con-
sistent with the radio. The results are shown in Figure
6. The color gradient shows the ratio of the generated
spectra to the most constraining radio data point at 22.5
GHz, including the 1σ error provided in Soderberg et al.
(2006) as
R ≡ F
code
radio
Fmeasuredradio + F
error
radio
. (7)
Thus, everything above R = 1 overshoots the radio data
at 1σ confidence level. The Figure shows that e < 10−2
is necessary for the radio data to be consistent.
4.3. Discussion
Overlaid on the spectra in Figure 5 is the sensitivity
curve of the Cherenkov Telescope Array (CTA), taken
for 50 h exposure from Actis et al. (2011). From the
Figure 5. Examples of generated spectra for the forward
shock emission at ∼ 3 days for different values of ξa as in-
dicated in the plot, using our code described in Subsection
4.1. The solid lines show spectra from a blast wave with
the required Ek = 1051 erg, while the dashed line shows a
spectrum with Ek = 1049 erg (for ξa = 0.1.) At low energies
the spectrum is fully absorbed. The first bump at ∼ 1012
Hz is emission from the thermal electrons and the second
bump at ∼ 1015 Hz is the rising supernova. At higher fre-
quencies, the spectrum is dominated by synchrotron emission
from the NT electrons and inverse-Compton up-scattering of
the supernova photons by the thermal electrons. The latter
is clearly visible in the ξa = 10−3 case. While the optical-
UV and X-ray data can be fit by decreasing ξa, the radio
data cannot. The radio data is not overshone however, if
the energy of the blast wave is decreased. The inset shows
a zoom-in on the radio band. The black, magenta, and red
data points are taken from Kaneko et al. (2007), Soderberg
et al. (2006), and Campana et al. (2006) respectively. Error
bars are given as 1σ and the upper limit (inverted triangle)
is 3σ. The CTA design sensitivity is taken from Actis et al.
(2011). Other parameters used are p = 2.1, ncbm = 100
cm−3, e = 0.1, and B = 10−3.
figure one can see that in the case of ξa = 0.1, the
very-high-energy gamma-ray emission is bright enough
to be detectable by CTA. This means that in future
GRB 060218-like events, CTA will be able to probe at
least part of the possible parameter space. We note that
this is sensitive to the electron index p.
From Figure 6, it is evident that e < 10−2 is re-
quired not to overshoot the radio data. Such small val-
ues of e is not supported by the latest PIC simula-
tions. In PIC simulations of mildly relativistic shocks,
Crumley et al. (2019) found that NTe can indeed be very
small. However, they also found that the electrons not
accelerated into a power-law thermalize at a tempera-
ture Te ∼ 0.23Ti, where Ti is the ion temperature in
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Figure 6. Color map showing log(R) as a function of e
and B , where R is the ratio of the generated spectra to the
22.5 GHz data at 3 days (Equation (7)). The thick dotted
line shows R = 1, everything above overshoots the radio
data at 1σ confidence level. Solid black lines show other
integer values of log(R) as indicated in the plot. The vertical
dashed, cyan line corresponds to the value of e found in
PIC simulations of mildly-relativistic shocks (Crumley et al.
2019). This value of e would overshoot the radio data by
more than an order of magnitude. The thick (thin) horizontal
dot-dashed lines show minimum values of B , required to
accelerate UHECRs for η = 1 (η = 0.1) as given in Equation
(8). Black corresponds to 1020 eV for iron, while pink and
orange corresponds to the best fit rigidity as found by The
Pierre Auger Collaboration et al. (2017), and Heinze et al.
(2019) respectively. Parameters used are Ek = 1051 erg,
p = 2.1, ncbm = 100 cm−3, and ξa = 10−2.
the downstream. In PIC simulations of non-relativistic
shocks, Park et al. (2015) found even more effective ther-
malization with Te ∼ Ti. This heating via plasma pro-
cesses of the thermal electrons requires e to be large.
In Figure 6, we show e = 0.15 as a dashed vertical,
cyan line, representing the value found by Crumley et al.
(2019) (e ∼ 0.1–0.2). This value of e would overshoot
that radio data by 1–2 orders of magnitude. Observa-
tions of supernova remnants also find the ratio Te/Ti
to be between 0.03 and 1, albeit the velocities in those
cases are much lower (Ghavamian et al. 2013; Vink et al.
2015).
Very small values of B help alleviate the constraint
on e. However, small values of B are problematic in
the sense of UHECR acceleration. The dot-dashed hor-
izontal lines shown in Figure 6, correspond to minimum
values of B required for UHECR acceleration. They are
shown for different values of the best fit rigidities, sim-
ilar to in Figure 3. The lower limit on B is calculated
using t′acc,j < t′ad as
B =
B′2
8piu′int
>
1
8piu′int
(
E
ηZjer
)2
, (8)
where u′int is the internal energy of the downstream. The
lines are plotted for completely stripped iron using ac-
celeration efficiency η = 0.1 (thin) and η = 1 (thick).
The constraints shown in Figure 6 are valid for the
microphysical parameters at the forward shock. In prin-
ciple, the reverse shock could be different from the for-
ward shock, which means that B could be sufficiently
small in the forward shock as to not overshine the radio,
while large enough at the reverse shock for UHECR ac-
celeration to be possible. As both the reverse and the
forward shocks are trans-relativistic, this might imply
that RSB ∼ FSB but this also depends on the magnetiza-
tion around the two shocks, which can be different. If
RSB  FSB , then one must make sure that the emission
from the reverse shock is consistent with the radio data
as well, which is not considered in the current study.
In this section we have shown, through analysis of the
radio afterglow, that GRB 060218 is unlikely to have
had a blast wave energy Ek & 1051 erg. As this is the
energy necessary to supply the observed UHECR flux
as argued in Section 2.2, this result disfavors the after-
glows of GRB 060218-like event to be the main source of
UHECRs. Furthermore, this result constraints prompt
models of UHECR acceleration as well. We find that
in order to be compatible with the radio data at 3 days
while simultaneously having sufficient energy available
for the prompt phase, the energy in the prompt phase
has to be roughly an order of magnitude higher than the
blast wave kinetic energy. Prompt model which can ac-
commodate UHECR acceleration therefore require that
& 90% of the energy escapes the system as cosmic rays,
neutrinos, or radiation before the deceleration.
The spread in 8.5 GHz luminosities at 3 days for the
llGRB sample in Margutti et al. (2013) is slightly less
than an order of magnitude, with GRB 060218 at the
lower end. One can naively assume that the spread at
22.5 GHz is roughly comparable to that at 8.5 GHz.
With this assumption, the other llGRBs would have to
fall somewhere between the R = 1 and R = 10 lines in
Figure 6, to be compatible with their respective radio
data. This still requires e to be smaller than the value
found in the latest PIC simulations by at least a factor of
a few. This is a hint that our conclusions can be applied
to the current sample of llGRBs.
The radio light-curve of GRB 060218 does not exhibit
any signs of a jet break. This lead several authors to
argue that the outflow of this burst was not collimated
(Soderberg et al. 2006; Fan et al. 2006). Alternatively,
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it was argued by Toma et al. (2007) that a jet break had
already occurred before the radio observations began.
In our analysis, we have assumed spherical symmetry of
the outflow. We note here that the time evolution of the
radio flux will be different after a jet break compared to
a spherical outflow.
How the radio flux evolves after the jet break depends
on the relative positions of the injection frequency νm
and the self-absorption frequency νa with respect to
the radio frequency of interest νradio = 22.5 GHz.6 If
νradio < νa, the radio flux is either unaffected or in-
creasing (Panaitescu & Kumar 2004). This is because
the decrease in flux due to the jet sideways expansion is
counteracted by the increase in flux as the radio band
becomes less and less absorbed.
In our case, the radio band is dominated by the ther-
mal emission, which is at ∼ νm (see Appendix A). A
major difference in radio flux between the spherical out-
flow and the jet break scenarios would occur if a spher-
ical outflow predicts νradio . νm while the jet break
scenario results in νm  νradio, as the thermal emission
will be well below the radio band in the latter case. The
injection frequency evolves as νm ∝ t−3/2 in the spher-
ical outflow compared to νm ∝ t−2 after the jet break
(Panaitescu & Kumar 2004). According to Toma et al.
(2007), the jet break occurred at 2 × 104 seconds after
trigger, roughly a decade earlier in time compared to
the radio observations at 3 days. This means that if
a jet break occurred, our assumption of spherical sym-
metry overestimates νm by a factor of ∼ 3. Inspection
of Figure 5 shows that a frequency shift of the thermal
emission by a factor 3 only decreases the flux by a fac-
tor of a few. We therefore conclude that relaxing our
assumption of spherical symmetry to include a possible
jet break would not substantially alter our results. This
once again shows the importance of early afterglow ra-
dio data, with which an early jet break could have been
observed.
In this paper, we have limited ourselves to studying
the fastest part of the outflows of llGRBs, responsible
for the radio emission in the first few days. However,
there are several other transients reported or suggested
in the literature where our methodology could be ap-
plied. For instance, llGRBs are associated with ener-
getic Type Ib/c supernovae. The associated supernovae,
traveling at . 0.1 c, carries most of explosion energy
but is too slow to accelerate cosmic-rays to more than a
few 1018 eV. If, however, the velocity distribution of the
6 The spectrum suggests that the cooling break frequency νc 
νradio and can therefore be ignored here (Soderberg et al. 2006;
Fan et al. 2006; Toma et al. 2007))
ejecta is continuous between the fast llGRB ejecta and
the slow supernova ejecta, then a significant amount of
the energy will be contained in a trans-relativistic out-
flow with speeds of 0.3–0.5 c (Margutti et al. 2013). At
this TRSN component, UHECR acceleration could oc-
cur. Additionally, the TRSN would also carry enough
energy to supply the observed UHECR flux (Zhang &
Murase 2019). A potential trans-relativistic component
is difficult to constraint as it starts to decelerate much
later than the mildly relativistic ejecta (weeks to months
after trigger). If late-time radio detections from future
llGRB events can be obtained, a possible TRSN com-
ponent could be constrained using the methodology of
this section.
An additional important application is emission from
the reverse shock, where UHECR acceleration could oc-
cur (Waxman & Bahcall 2000; Pe’er & Waxman 2005b;
Zhang & Murase 2019). Thermal synchrotron emission
from electrons accelerated in the downstream of the re-
verse shock should exist if ξa  1. Another example
is the trans-relativistic SN 2009bb that was discovered
through radio observations (Soderberg et al. 2010). Al-
though no γ-ray emission was detected in this event, the
radio emission suggested the outflow was at least mildly
relativistic. The supernova had similar radio character-
istics as previously detected llGRBs and Soderberg et al.
(2010) estimated the event rate of SN 2009bb-like events
to be comparable to the rate of llGRBs. Lastly, we men-
tion the peculiar fast blue optical transients (FBOTs)
AT 2018cow (Margutti et al. 2019), ZTF18abvkwla (Ho
et al. 2020), and CSS161010 (Coppejans et al. 2020),
whose late time radio luminosities are comparable to
that of llGRBs. The current methodology can either
be used to study the connection between these trans-
relativistic transients and UHECRs or as a diagnostic of
their total kinetic energy.
5. CONCLUSION
In this paper, we have studied whether the mildly
relativistic outflows of llGRBs can be the main source
of UHECRs, using the canonical low-luminosity GRB
060218 as a proxy. Our investigation has focused on the
inevitable radiation from the electrons in the UHECR
acceleration region. We have proposed that synchrotron
emission from thermal electrons serve as a powerful
probe of the physics of mildly relativistic shocks and
cosmic-ray acceleration. In particular, searching for
thermal synchrotron emission at the radio band gives
us constraints on the kinetic energy of the mildly rela-
tivistic ejecta, by which the possibility of UHECR accel-
eration in llGRBs and TRSNe can be critically tested.
Together with the approach used in Samuelsson et al.
Constraining llGRBs as UHECR sources 15
(2019), it can efficiently constrain the UHECR acceler-
ation site. As the electron synchrotron spectrum carries
additional information to other messengers, such as neu-
trinos and hadronic gamma-rays, it is also a very useful
tool in multi-messenger modeling of UHECR sources.
This paper extended on the work of Samuelsson et al.
(2019) by not only studying the prompt phase, but also
the possibilities of UHECR acceleration in the after-
glow phase. Another difference of this work compared
to Samuelsson et al. (2019) is that by using the spe-
cific low-luminosity GRB 060218 as a representative, we
could resort to direct measurements instead of generic
assumptions for the llGRB fluxes. As a consequence,
the results presented here are stronger and more com-
prehensive.
For the prompt phase, we got requirements on the co-
moving magnetic field at the source by comparing the
UHECR acceleration time scale to typical energy loss
time scales. Given the magnetic field, we characterized
the synchrotron flux emitted by the co-accelerated elec-
trons assuming these were instantaneously injected into
a power-law distribution (Blumenthal & Gould 1970;
Sari et al. 1998). This mostly resulted in a fast-cooling
spectrum with a low-energy index of -0.5. For our fidu-
cial parameters given in Table 1, we found that the flux
would be orders of magnitude higher than observed val-
ues, especially in the optical-UV band (Figure 2).
For our optimistic parameters, the acceleration ef-
ficiency was increased to η = 1, the fraction of in-
ternal energy given to NT electrons was decreased to
NTe = 5 × 10−4, and the number fraction of acceler-
ated electrons ξa was made a free parameter, while the
other parameters remained unchanged (Figure 3). For
Γ = 3, we found no viable solution for UHECR acceler-
ation even with these optimistic parameters. This value
of Γ is consistent with the small values of Γ . 5 ar-
gued for by a majority of previous studies (e.g., Cam-
pana et al. 2006; Soderberg et al. 2006; Fan et al. 2006;
Ghisellini et al. 2007; Toma et al. 2007; Waxman et al.
2007). Within the current uncertainties, for Γ = 10
the UHECR observations could only be explained in a
fine tuned region if ξa . 10−2 and the acceleration took
place at & 5 × 1015 cm, or if ξa < 2 × 10−4, where
an iron energy of 4 × 1019 eV could be reached. For
Γ = 30 or larger and ξa = 10−2 or less, we could not
constrain UHECR acceleration. However, this solution
relied on the shocks being mildly relativistic. If NTe was
fixed at 0.1 as often assumed in the case of canonical
high-luminosity GRBs, this solution disappeared even
for η = 1 and lower values of ξa.
For the prompt phase, we argued that because GRB
060218 had higher observed prompt optical luminosity
compared to other llGRBs, the constraints for the whole
population might actually be stronger than those pre-
sented here. While we have not aimed to reproduce
the observed spectrum, previous studies have assumed
the phenomenological shape of the observed spectrum
to compute the cooling of UHECRs Murase et al. (2006,
2008); Liu et al. (2011); Zhang et al. (2018). Specifically,
they used a harder low-energy slope that is by construc-
tion already consistent with the optical-UV constraint.
Other mechanisms beyond the synchrotron model used
in this paper would be necessary to accommodate such
a spectrum and we leave it for future work to see what
restrictions can be put on such models. The conclusions
from this part of the paper were valid for radii that sat-
isfied tv < T90/2 only, as discussed in Section 3.1.2.
We then considered UHECR acceleration on the re-
verse (or forward) shock of the afterglow phase, as con-
sidered by Zhang & Murase (2019). To match the ob-
served UHECR flux on Earth, the kinetic energy of the
mildly relativistic blast wave had to be large (≥ 1051
erg), much larger than suggested by previous afterglow
studies of GRB 060218. This indicated that ξa had to be
small (∼ 10−2). Small values of ξa means that the bulk
number of electrons (1− ξa) are thermal and their con-
tribution to the emission is non-negligible. Using the
numerical code of Pe’er & Waxman (2005a), modified
to capture the problem at hand, we found that these
thermal electrons mostly radiate in the radio band. Af-
terglow radio data a few days after trigger is therefore
essential in constraining the parameters and, consequen-
tially, in discerning if the afterglows of llGRBs can be
the main sources of UHECRs or not. Furthermore, we
showed that CTA will be able to probe part of the pa-
rameter space in future GRB 060218-like events.
Using the necessary blast wave energy of 1051 erg for
the mildly relativistic ejecta, we got constraints on the
microphysical parameters e and B . The results showed
that e < 10−2 is required to be consistent with the
radio data at 3 days. Here, e is the energy fraction
shared by all electrons. In PIC simulations of mildly-
relativistic shocks, Crumley et al. (2019) found that e ∼
0.1–0.2, which would overshoot the 1σ upper limit of the
radio data by more than an order of magnitude (Figure
6). This result gives interesting constraints on prompt
models as well. To have sufficient energy available in
the prompt phase while simultaneously being consistent
with the afterglow radio data implies that & 90% of
the initial energy escaped the system as cosmic rays,
neutrinos, or radiation before deceleration.
We stress that the results of this work are general
and useful whether llGRBs are the sources of UHECRs
or not. The implications for UHECRs are summarized
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as follows. In the prompt phase, UHECRs acceleration
is largely excluded mainly because fast-cooling spectra
overshoots the optical limit, although models that can
produce the observed harder low-energy slope are not
constrained. In the afterglow scenario, we have shown
that thermal synchrotron emission gives stringent con-
straints when UHECRs are accelerated by a mildly rel-
ativistic component with Γβ ∼ 2–10. The early radio
data can be explained with a smaller amount of kinetic
energy (Ek ∼ 1049 erg), in which the energy budget of
UHECRs would be insufficient even if they can be accel-
erated. However, the results do not exclude that they
are dominantly accelerated at slower trans-relativistic
components of the outflow whose deceleration occurs
at much later times (weeks or months). Nevertheless,
the strategy proposed here is general, and future appli-
cations to other llGRBs, their reverse shock emission,
and TRSNe will enable us to get important insights into
the physics of UHECR acceleration and related shock
physics.
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APPENDIX
A. DETAILS OF THE CODE
In this section, we present the modifications made to the code, compared to the description of Pe’er & Waxman
(2005a). First, we explain how the code treats the non-relativistic, trans-relativistic, and ultra-relativistic cases self
consistently, and after we show how the NT plus thermal electron distribution is calculated.
The Lorentz factor of the shock Γs is tailored to smoothly transition between the relativistic and the non-relativistic
regimes. It is calculated as follows. Introduce the dimensionless quantity ζ as
ζ =
(
Ek
ncbmmpc2r3
)1/2
(A1)
Then, Γs is given by
Γs =
√√√√(ζ{2
5
+
(√
17
8pi
− 2
5
)
ζ2
1 + ζ2
})2
+ 1. (A2)
When ζ is large, the kinetic energy of the blast wave is much larger than the swept up rest-mass energy and the
Blandford-McKee solution is valid. For ζ  1, equation (A2) simplifies to
Γs ≈
√√√√(√ 17
8pi
ζ
)2
+ 1 ≈
(
17Ek
8pincbmmpc2r3
)1/2
, (A3)
which is the correct expression when Γs  1. When ζ is small, we wish to retrieve the Sedov-Taylor solution. In this
case, equation (A2) simplifies to
Γs ≈
√(
2
5
ζ
)2
+ 1. (A4)
Thus, we get the velocity in units of speed of light as
βs =
√
1− Γ−2s ≈ 2
5
(
Ek
ncbmmpc2r3
)1/2
. (A5)
This is the correct solution, assuming the proportionality constant in r(t) in the Sedov-Taylor solution is of order
unity.
The internal energy density (excluding rest mass energy) in the downstream is given by (Blandford & McKee 1976)
u′int = (Γ− 1)
γˆΓ + 1
γˆ − 1 ncbmmpc
2, (A6)
where Γ is the Lorentz factor of the downstream region and γˆ is the adiabatic index of the downstream region. To
calculate Γ, we need to know γˆ, which is in itself a function of Γ (Blandford & McKee 1976). The value of γˆ will
be somewhere between 4/3 (ultra-relativistic) and 5/3 (non-relativistic). This problem is solved iteratively, using the
approximation for the adiabatic index given in Service (1986), accurate to one in 105. Whenever e and B are given,
they refer to fractions of the internal energy density as given in equation (A6).
The NT electrons population will be accelerated from the thermal bulk, as suggested by PIC simulations (Sironi &
Spitkovsky 2011; Park et al. 2015; Crumley et al. 2019). This means that the temperature of the thermal population
will be correlated to the injection energy of the NT population. In practice, this is implemented by enforcing θ′ =
γ′m(β
′
m)
2/(1 + (β′m)
2), where θ′ is the comoving temperature of the thermal electrons in units of electron rest mass and
β′m =
√
1− (γ′m)−2. With this choice, we get θ′ = γ′m/2 for γ′mβ′m  1 and θ′ = (β′m)2 for γ′mβ′m  1.
